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A congruence ρT on a subsemigroup T of S extends to the semigroup S, if there
exists a congruence ρ on S such that ρT = ρT . A semigroup S has the congruence
extension property (CEP) if each congruence on each subsemigroup extends to S.
Previously, it was shown that a semigroup S has CEP if and only if it satisﬁes the
so-called CEP conditions, a construction for semigroups with CEP was given, and
we characterized congruences on this kind of semigroup. In the 1970s, the question
whether or not CEP for semigroups is preserved in homomorphic images was asked.
We give a positive answer for the problem in this paper. © 2001 Academic Press
1. PRELIMINARIES
Throughout this paper, we denote an arbitrary semigroup by S, denote
the congruence lattice of S by CS, and denote the positive integer set
by Z+. We follow the notation and conventions of [1–3, 7, 13]. First, we list
some basic results and properties for semigroups with CEP, which will be
used subsequently.
Lemma 1.1 [6]. If S has CEP, then each subsemigroup of S also has CEP.
A semigroup N with the zero element 0 is a nil semigroup if, for any x ∈
N , there exists n ∈ Z+ such that xn = 0. A semigroup S is a nil extension
of a semigroup T if T is an ideal of S and S/T is a nil semigroup.
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A semigroup S is archimedean if, for any a b ∈ S, there exists n ∈ Z+
such that an ∈ SbS. An idempotent e of a semigroup S without zero is
primitive if, for each idempotent f of S, ef = fe = f implies e = f . A
semigroup S is completely archimedean if it is archimedean and contains
a primitive idempotent. An element a of S is completely π-regular if there
exist n ∈ Z+ and x ∈ S such that an = anxan, xan = anx, and xanx = x.
Especially, in the case n = 1, a is called completely regular. A semigroup S
is completely π-regular if all elements of S are completely π-regular. A
semigroup S is a GV semigroup if S is π-regular and every regular element
of S is completely regular.
Lemma 1.2 [2]. The following conditions on a semigroup S are equivalent:
(i) S is completely archimedean.
(ii) S is a nil extension of a completely simple semigroup.
(iii) S is π-regular and all idempotents of S are primitive.
Lemma 1.3 [2]. The following conditions on a semigroup S are equivalent:
(i) S is a GV semigroup.
(ii) S is a semilattice of completely archimedean semigroups.
Lemma 1.4 [2]. The following conditions on a semigroup S are equivalent:
(i) S is a semilattice of nil extensions of rectangular groups.
(ii) S is a GV semigroup and, for e f ∈ ES, there exists n ∈ Z+ such
that ef n = ef n+1.
If S is a semilattice of nil extensions of rectangular groups, then we may
denote S by
S =⋃Iα ×Gα × α ∪Qα  α ∈ Y
where Y is a semilattice, each Iα ×Gα ×α is a rectangular group, and Qα
is a partial semigroup. So Sα = Iα ×Gα × α ∪Qα is a nil extension of a
rectangular group (see [13], [15]).
Throughout this paper, we denote a semigroup S which is a semilattice
of nil extensions of rectangular groups by the form as above. Let S be a
semigroup and ρ ∈ CS. Denote S/ρ by S. For x ∈ S, denote by x¯ ∈ S the
image of x. The set of preimages of x¯ in S under ρ is also denoted by x.
Then x¯ is a subset of S and x ∈ x¯. Similarly, for X ⊆ S, x ⊆ S denotes
the image of X and the union of set of preimages of each element of x
under ρ.
Lemma 1.5 (see [5]). Let S be a π-regular semigroup and ρ ∈ CS. Then
in S, A ∩ ES =  for A ∈ ES/ρ. Further, if AB are mutually inverse
elements in S/ρ, then there exist a ∈ A, b ∈ B such that a b are mutually
inverse elements in S.
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Deﬁnition 1.6. Let S be a semilattice of nil extensions of rectangular
groups whose form is as above and let Gr S = Gα  α ∈ Y. Then Gr S is
called the set of group components of S.
Deﬁnition 1.7 [13]. The following conditions for a semigroup S are
called the CEP conditions:
(i) S is a semilattice of nil extensions of rectangular groups.
(ii) Each Gα has CEP.
(iii) ∗α ∈ CSα.
(iv) For all a b ∈ Sα ab ∈ Iα ×Gα × α or ab = a2 = b2.
(v) For all a b ∈ Sα, if ab ba ∈ Iα ×Gα ×α, then ac ∈ Reg Sα ⇔
bc ∈ Reg Sα and ca ∈ Reg Sα ⇔ cb ∈ Reg Sα for each c ∈ Sα.
(vi) If a b ∈ Sα, x ∈ Sβ, and β ≥ α, then a∗b implies ax∗bx or
ax bx ∈ H∗a ∪H∗b ; dually, a∗b implies xa∗xb or xa xb ∈ H∗a ∪H∗b .
(vii) If e ∈ ESα, g ∈ ESβ, and αβ > αβ, then eg = eg0 or
ge = ge0. If eg = eg0, then eg = ab for each a ∈ Sα b ∈ Sβ. If eg ∈
Reg S, then ab ∈ Reg S for each a ∈ Sα b ∈ Sβ.
(viii) If a ∈ Sα, b ∈ Sβ, and α > β, then ab = b or ab ∈ Reg S and
ba = b or ba ∈ Reg S.
(ix) If a b ∈ Qα, x ∈ Sβ, and β > α, then ax = a ⇔ bx = b and
xa = a⇔ xb = b.
(x) If a ∈ Qα, b ∈ Qβ, and ab ba ∈ Reg S, then ax = a ⇔ bx = b
and xa = a⇔ xb = b for each x ∈ S.
(xi) If a ∈ Qα, b ∈ Qβ, and αβ > αβ, then ax = a ⇔ bx = b and
xa = a⇔ xb = b for any x ∈ S.
Theorem 1.8 [13]. A semigroup S has CEP if and only if S satisﬁes the
CEP conditions.
Lemma 1.9 (see [7]). If S is a regular semigroup with CEP and ρ ∈ CS,
then S/ρ has CEP.
Lemma 1.10 [13]. Let S be a semigroup with CEP. Then for any a, b ∈ S,
ab ∈ Reg S, or ab = a or ab = b or ab = a0b0 or ab = a2 = b2.
Lemma 1.11 [13]. Let S be a semigroup with CEP and a b ∈ S. Then
abab0 = a0abab0 = ab0abb0
In particular, if a b ∈ Reg S, then ab = abb0 = a0ab = a0abb0.
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2. THE GROUP COMPONENTS Gr S FOR S WITH CEP
Let S be a semigroup with CEP. For x = i a λ ∈ Iα ×Gα ×α, denote
i, a, and λ by IxαG
x
α, and 
x
α, respectively.
Deﬁne ϕαβ on Gr S by
ϕαβ Gα → Gβ
for α ≥ β with
aϕαβ = Giα a λαi e λβ 
where iα a λα ∈ Iα × Gα × α, i e λ ∈ Iβ × Gβ × β, and e is the
identity of Gβ.
Lemma 2.1. Let S be a rectangular group. Then the following conditions
on any x = i a λ y = j b µ ∈ S are equivalent:
(i) a = b.
(ii) V x ∩ V y = .
(iii) V x = V y, where V x = y ∈ S  yxy = y xyx = x.
Theorem 2.2. ⋃Gα  α ∈ Y Yϕαβ with ϕαβ deﬁned as above is a
semilattice of groups.
Proof. At ﬁrst, we prove that ϕαβ is a mapping for α ≥ β. Thus we
need prove the identity
G
iα a λαi e λ
β = G
i′α a λ′αiβ e λβ
β
for every i′α ∈ Iα λ′α ∈ α and iβ ∈ Iβ λβ ∈ β.
By the CEP condition (viii), it is easy to see that iα a λαi e λ ∈
Reg Sβ and i′α a λ′αiβ e λβ ∈ Reg Sβ. Clearly, by the CEP condi-
tion (vi),
i e λiα a−1 λα ∈ V iα a λαi e λ ∩ V i′α a λ′αiβ e λβ
Therefore, ϕαβ is a mapping. Moreover, we have
G
iα a λαi e λ
β = G
iβ e λβi′α a λ′α
β = G
i′ e λ′i′α a λ′αiβ e λβ
β
for every i′ ∈ Iβ and λ′ ∈ β. So
G
iα ab λαi e λ
β = Gi e λiα ab λαi e λβ
= Gi e λiα a λαiα b λαi e λβ
= Gi e λiα a λαβ Giα b λαi e λβ
= Giα a λαi e λβ Giα b λαi e λβ 
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Thus ϕαβ is a homomorphism.
It follows obviously that ϕαα = 1α. For α ≥ β ≥ γ and any iα a λα ∈
Sα, and any iβ e λβ ∈ ESβ, iγ f λγ ∈ ESγ, we have
iβ e λβiγ f λγ = i′γ f λγ ∈ ESγ
So
G
iα a λαiβ e λβiγ f λγ
γ = Giα a λαiβ e λβiγ f λγγ
= Giα a λαi
′
γ f λγ
γ 
Consequently, ϕαβϕβγ = ϕαγ.
So ⋃Gα  α ∈ Y Yϕαβ is a semilattice of groups and is therefore a
Clifford semigroup.
By the fact that each Gα has CEP, we get
Corollary 2.3. ⋃Gα  α ∈ Y Yϕαβ is a Clifford semigroup with
CEP.
3. PRESERVATION UNDER HOMOMORPHIC IMAGES
Let S be a semigroup with CEP and ρ ∈ CS. Denote S/ρ by S as in
Section 1. Our aim is to show that S satisﬁes the CEP conditions. Given a
congruence ρ on S, by [14] we then obtain a congruence reρ on Y by
reρ = ρ ∨∗/∗
A similar relation for regular semigroups was given by Petrich [12].
Lemma 3.1 [14].
ρ ∨∗ = ∗ ◦ ρ ◦∗ ◦ ρ ◦∗
and
ρ ∨∗ Reg S = ρ ◦∗ ◦ ρ Reg S 
Thus we get the following:
Corollary 3.2. For αβ ∈ Y , α reρ β if and only if there exist a ∈ Sα,
b ∈ Sβ, and c d ∈ Sαβ such that aρc and bρd
Lemma 3.3 [14]. Let S be a semigroup with CEP. Suppose that ρ ∈ CS
and a b ∈ S. If a b ∈ ρ, then a0 b0 ∈ ρ. Also, if a b ∈ Reg S and
a b ∈ ρ, then a−1 b−1 ∈ ρ.
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Proposition 3.4. Let S be a semilattice of nil extensions of rectangular
groups with the form as in Section 1 and ρ ∈ CS. Then S/ρ is also a
semilattice of nil extensions of rectangular groups.
Proof. Let A ∈ S/ρ and a ∈ A. Then there exists n ∈ Z+ such that
an ∈ Reg S since S is π-regular. So An ∈ RegS/ρ, which shows that S/ρ
is also π-regular.
If A ∈ RegS/ρ, then there exists a ∈ A ∩Reg S by Lemma 1.5. Since S
is a GV semigroup, we see that a is completely regular in S. Thus A is
completely regular in S/ρ. So S/ρ is a GV semigroup.
Now let AB ∈ ES/ρ. Then there exist e ∈ A ∩ ES and f ∈ B ∩
ES again by Lemma 1.5. By the hypothesis that S is a semilattice of nil
extensions of rectangular groups, it follows from Lemma 1.4 that ef n =
ef n+1 for some n ∈ Z+, which gives ABn = ABn+1. By Lemma 1.4
once again, we then get that S/ρ is also a semilattice of nil extensions of
rectangular groups.
Let S be a semigroup with CEP. As a consequence of Proposition 3.4, we
know that S/ρ satisﬁes the CEP condition (i). So we may also denote S/ρ
by
⋃Sα¯  Sα¯ = Iα¯ × Gα¯ ×α¯ ∪ Qα¯ α¯ ∈ Y
where Y is a semilattice, Iα¯ × Gα¯ × α¯ is a rectangular group, and Qα¯ is
a partial semigroup. Thus Sα¯ = Iα¯ × Gα¯ ×α¯ ∪ Qα¯ is a nil extension of a
rectangular group for each α¯ ∈ Y .
Lemma 3.5. Let S be a semigroup with CEP and ρ ∈ CS.
(i) If a b ∈ ∗S , then aρ bρ ∈ ∗S/ρ.
(ii) If a b ∈ ∗S , then aρ bρ ∈ ∗S/ρ.
Proof. (i) If a b ∈ ∗S , then a0 = a0b0a0 and b0 = b0a0b0. Let A =
aρ and B = bρ. Then A0 = A0B0A0 and B0 = B0A0B0. It follows that
A0 B0 ∈ S/ρ. So aρ bρ ∈ ∗S/ρ.
(ii) If a b ∈ ∗S , then a0 = b0. Let A = aρ and B = bρ. Then A0 = B0.
So aρ bρ ∈ ∗S/ρ.
Proposition 3.6. Y  Y/reρ.
Proof. Deﬁne a mapping φ from Y to Y by
φ Y → Y α→ α¯ = αφ if there exists a ∈ Sα such that aρ ∈ Sα¯
It follows from Lemma 3.5 that φ is obviously a mapping of Y into Y .
For each α¯ ∈ Y and A ∈ Sα¯ then there exists a ∈ A. Let a ∈ Sα. Then
αφ = α¯. Thus φ is a surjection.
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Let α, β ∈ Y and a ∈ Sα, b ∈ Sβ. Then ab ∈ Sαβ and
abρ = aρbρ ∈ Sα¯Sβ¯ ⊆ Sα¯β¯
Thus αβφ = αφβφ. Therefore, φ is a homomorphism of Y onto Y . Let
kerφ = αβ ∈ Y × Y  αφ = βφ
If αβ ∈ kerφ, then αφ = βφ. Thus aρ bρ ∈ ∗S for a ∈ Sα, b ∈ Sβ,
which gives
a0ρb0ρa0ρ = a0ρ b0ρa0ρb0ρ = b0ρ
and so
a0b0a0 a0 ∈ ρ b0a0b0 b0 ∈ ρ
By the deﬁnition of reρ, we get αβ ∈ reρ.
Conversely, if αβ ∈ reρ, then by Corollary 3.2 there exist a ∈ Sα,
b ∈ Sβ, and x y ∈ S such that a x ∈ ρ, b y ∈ ρ, and x y ∈ ∗. It is
easy to check that
aρ = xρ ∗S yρ = bρ
which gives αφ = βφ and so αβ ∈ kerφ. Therefore, kerφ = reρ. This
yields that
Y  Y/kerφ = Y/reρ
As a subset of S, Sα¯ =
⋃Sβ  β ∈ α¯ for each α¯ ∈ Y , and it is a
semilattice of nil extensions of rectangular groups. Further, Sα¯ has CEP
by Lemma 1.1.
Proposition 3.7. Let a ∈ Sα and b ∈ Sβ with α = β and αβ ∈ reρ.
Then aρbρ ∈ RegS/ρ.
Proof. By Lemma 1.10 and α = β, we know ab ∈ Reg S or ab = a or
ab = b or ab = a0b0. In the ﬁrst case, that aρbρ ∈ RegS/ρ is apparent.
In the last case, by a0ρ b0ρ ∈ Sα¯, we obtain
aρbρ = abρ = a0b0ρ = a0ρb0ρ ∈ RegS/ρ
In the second case, by ab = a, we get ab0 = a = ab, which yields
aρbρ = aρb0ρ ∈ RegS/ρ
The third case is similar to the second.
Proposition 3.8. Let AB ∈ Sα¯. Then AB ∈ RegS or A2 = B2 = AB.
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Proof. Let a ∈ A∩ Sα and b ∈ B∩ Sβ. Then αβ ∈ reρ. If α = β, then
AB ∈ RegS by Proposition 3.7. Let α = β. Then ab ∈ Reg S or a2 = b2 =
ab by the CEP condition (iv). In the case of ab ∈ Reg S, that AB ∈ Reg S
is apparent. In the case of a2 = b2 = ab, that A2 = B2 = AB is obvious.
Consequently, S/ρ satisﬁes the CEP condition (iv).
Proposition 3.9. Let AB ∈ Sα¯ such that A2 = B2 = AB = BA ∈
RegS. Then AC ∈ RegS ⇔ BC ∈ RegS and CA ∈ RegS ⇔ CB ∈ RegS
for each C ∈ Sα¯.
Proof. Let a ∈ A ∩ Sα and b ∈ B ∩ Sβ. Then αβ ∈ reρ. So ab ∈
Reg S or ab = a2 = b2 or ab = a0b0 or ab = a or ab = b by Lemma 1.10.
By the assumption that
A2 = B2 = AB = BA ∈ RegS
we have ab ba ∈ Reg S. It is easy to check that a2 = b2 = ab = ba. Thus
α = β. Let C ∈ Sα¯ and c ∈ C ∩ Sγ. Then α γ ∈ reρ. If AC ∈ RegS,
then A2 = C2 = AC by Proposition 3.8, which gives a2 = c2 = ac similarly.
Thus α = γ. By the facts that
a2 = b2 = ab = ba ∈ Reg S and a2 = c2 = ac ∈ Reg S
it follows from the CEP condition (v) that bc = b2 = c2 and so BC ∈ RegS.
Dually, BC ∈ RegS implies AC ∈ RegS. Therefore, AC ∈ RegS ⇔
BC ∈ RegS. Analogously, CA ∈ RegS ⇔ CB ∈ RegS.
Consequently, S/ρ satisﬁes the CEP condition (v).
Proposition 3.10. Let i¯ j¯ ∈ Iα¯ and λ¯ µ¯ ∈ α¯. Then H∗i¯ λ¯H∗j¯ µ¯ ⊆ H∗i¯ µ¯.
Proof. Let A ∈ H∗
i¯ λ¯
, B ∈ H∗
j¯ µ¯
, a ∈ A ∩ Sα, and b ∈ B ∩ Sβ. Then
AB ∈ RegS or AB = A2 = B2, which follows from Proposition 3.8. In the
later case, we get a2 = b2 = ab. This yields a ∗ b ∗ ab, which gives
AB∗A∗B. Thus AB ∈ H∗
i¯ λ¯
= H∗
i¯ µ¯
. In the ﬁrst case, we get AB =
ABAB0. Thus
abρ = aρbρ = aρbρaρbρ0 = abρab0ρ
and so ab abab0 ∈ ρ. By Lemma 1.10, we know ab ∈ Reg S or ab = a
or ab = b or ab = a0b0 or ab = a2 = b2. If ab = a2 = b2, then this is similar
to the later case. If ab = a0b0, then
AB = A0B0 ∈ Hi¯ λ¯Hj¯ µ¯ ⊆ Hi¯ µ¯
If ab = a, then AB = A and so A0B0 = A0, which gives λ¯ = µ¯. Therefore,
AB = A ∈ H∗
i¯ λ¯
= H∗
i¯ µ¯

If ab = b, then A0B0 = B0, which gives i¯ = j¯, and so AB ∈ H∗
i¯ µ¯
.
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Let ab ∈ Reg S. By Lemma 1.11 we get ab = a0abb0 and so
AB = A0ABB0 ∈ Hi λ¯Hj¯ µ¯ ⊆ Hi¯ µ¯
Therefore,
H∗
i¯ λ¯
H∗
j¯ µ¯
⊆ H∗
i¯ µ¯

which gives ∗α¯ ∈ CSα¯ directly.
So S/ρ satisﬁes the CEP condition (iii).
Proposition 3.11. Each group Gα¯ has CEP for α¯ ∈ Y .
Proof. We know that Sα¯ = Sβ  β ∈ α¯ is a semilattice of nil exten-
sions of rectangular groups and it has CEP. By Theorem 2.2, ⋃Gα 
α ∈ Y Yϕαβ is a Clifford semigroup with CEP and 
⋃Gβ  β ∈
α¯ α¯ ϕβ γ is a Clifford subsemigroup of 
⋃Gα  α ∈ Y Yϕαβ. Thus
⋃Gβ  β ∈ α¯ α¯ ϕβ γ has CEP. Let Gα¯ = 
⋃Gβ  β ∈ α¯ α¯ ϕβ γ.
Deﬁne
φα¯ Gα¯ → Gα¯ a→ a¯ a ∈ Gββ ∈ α¯
if i a λρ = i¯ a¯ λ¯ for some i ∈ Iβ, λ ∈ β, and i¯ ∈ i¯α¯, λ¯ ∈ ¯α¯.
Let j ∈ Iβ and µ ∈ β. Then j a µρ = j¯ b¯ µ¯. To prove that φα¯ is
a mapping, we need only prove a¯ = b¯. Denote i a λρ and j a µρ by
A and B, respectively. It follows obviously that i a−1 λρ ∈ V A ∩ V B
in Sα¯, which implies a¯ = b¯.
For a¯ ∈ Gα¯, let i¯ ∈ Iα¯ andλ ∈ ¯α¯. Then there exists i a λ ∈ i¯ a¯ λ¯ ∩
Reg Sα such that i a λρ = i¯ a¯ λ¯. This shows aφα¯ = a¯. Therefore, φα¯
is a surjection of Gα¯ onto Gα¯.
Let i a λ ∈ Reg Sα and j b µ ∈ Reg Sβ with αβ ∈ α¯. Then
i a λj b µ ∈ Reg Sαβ
or
i a λj b µ ∈ Qαβ
If i a λj b µ ∈ Reg Sαβ, then
i a λj b µ = k aϕααβbϕβαβ ν
for some k ∈ Iαβ and ν ∈ αβ. If k aϕααβbϕβαβ νρ = k¯ aϕααβ
bϕβαβφα¯ ν¯ for some k¯ ∈ Iαβ and ν¯ ∈ αβ, then we have
k¯ aϕααβbϕβαβφα¯ ν¯ = k aϕααβbϕβαβ νρ
= i a λj b µρ
= i a λρj b µρ
= i¯ aφα¯ λ¯j¯ bφα¯ µ¯
= i¯ aφα¯bφα¯ µ¯
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So
aϕααβbϕβαβφα¯ = aφα¯bφα¯
and i¯ = k¯, µ¯ = ν¯. Moreover, i 1α λρ = i¯ 1α¯ λ¯, j 1β µρ =
j¯ 1βφα¯ µ¯.
Let a = 1α and b = 1β. We then get 1αφα¯ = 1¯α = 1α¯ = 1βφα¯ = 1¯β. If
i a λj b µ ∈ Qαβ, then by the CEP condition (vii) we have
i a λj b µ = i 1α λj 1β µ
and j b µi a λ ∈ Reg Sαβ. Thus,
i a λj b µi a λ = i a λk1 bϕβαβaϕααβ ν1
for some k1 ∈ Iαβ and ν1 ∈ αβ, and
i a λj b µi a λ = i 1α λj 1β µi a λ
= i 1α λk2 aϕααβ ν2
for some k2 ∈ Iαβ, ν2 ∈ αβ. Therefore,
aϕααβ = aϕααβbϕβαβaϕααβ
i.e.,
aϕααβbϕβαβ = 1αβ
This yields
aϕααβbϕβαβφα¯ = 1α¯
On the other hand,
i¯ aφα¯bφα¯ µ¯ = i¯ aφα¯ λ¯j¯ bφβ¯ µ¯
= i a λρj b µρ
= i a λj b µρ
= i 1α λj 1β µρ
= i 1α λρj 1β µρ
= i¯ 1α¯ λ¯j¯ 1α¯ µ¯
= i¯ 1α¯ µ¯
Thus
aφα¯bφα¯ = 1α¯ = aϕααβbϕβαβφα¯
Therefore, φα¯ is a homomorphism of Gα¯ onto Gα¯. By the fact that Gα¯ has
CEP, it follows from Lemma 1.9 that Gα¯ has CEP.
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Consequently, S/ρ satisﬁes the CEP condition (ii).
Proposition 3.12. Let AB ∈ Qα¯ and C ∈ Sβ¯, β¯ > α¯. Then AC = A if
and only if BC = B; CA = A if and only if CB = B.
Proof. Let β ∈ β¯, a ∈ A, b ∈ B, and c ∈ Sβ ∩ C. Since AB ∈ RegS,
we get a ∈ Qα1 , b ∈ Qα2 for some α1 α2 ∈ α¯. Assume that AC = A. Then
ac ∈ Reg S. It is easy to see that ac = a. So α1 < β. Since α1 α2 ∈ α¯,
β¯ > α¯, we have α1 reρα2 reρα2β.
If α1α2 < α1 α2, then by the CEP condition (xi), we get ac = a if and
only if bc = b. By the fact that ac = a we obtain bc = b and so BC = B.
If α1 = α2, then ac = a if and only if bc = b, which follows from the fact
that a b ∈ Reg S and the CEP condition (ix). Since ac = a we get bc = b
and so BC = B.
If α1 < α2 or α2 < α1 and ab ba ∈ Reg S, then ac = a if and only if
bc = b, which follows from a b ∈ Reg S and the CEP condition (x). Since
ac = a, we get bc = b, and so BC = B.
Now let α1 < α2. If ab ∈ Reg S, then ab = a, which implies AB = A ∈
RegS. However, we know that α1 = α2 and α1 α2 ∈ reρ, which imply
AB ∈ RegS by Proposition 3.7. This yields a contradiction. So ab ∈ Reg S.
Similarly, ba ∈ Reg S.
Let α1 > α2. We then derive both ab ∈ Reg S and ba ∈ Reg S dually.
Therefore, AC = A implies that BC = B. The converse is dual. Thus
AC = A if only if BC = B. Similarly, we have CA = A if and only if
CB = B.
This shows that S/ρ satisﬁes the CEP condition (ix).
Proposition 3.13. Let A ∈ Qα¯, B ∈ Qβ¯, and α¯ · β¯ < α¯ β¯. Then for every
C ∈ Sγ¯, AC = A if and only if BC = BCA = A if and only if CB = B.
Proof. Let a ∈ A and b ∈ B c ∈ C. By the hypothesis, we then obtain
a ∈ Qα b ∈ Qβ, and c ∈ Sγ for α ∈ α¯ β ∈ β¯ γ ∈ γ¯, and αβ < αβ.
Applying the CEP condition (xi), we have ac = a if and only if bc = b, and
ca = a if and only if cb = b. Let AC = A. Then ac ∈ Reg S. Since α = γ,
we get ac = a or ac = c or ac = a0c0. If ac = a0c0, then A = AC = A0C ∈
RegS, which is impossible. If ac = c, then AC = C = A. Since ac = c,
we get ac0 = c0. This yields A = AC0 = C0 ∈ RegS, which contradicts
A ∈ Qα¯. Therefore, we obtain that ac = a. It follows that bc = b and so
BC = B. The converse is similar. Consequently, AC = A if and only if
BC = B. Similarly, CA = A if and only if CB = B.
This shows that S/ρ satisﬁes the CEP condition (xi).
Proposition 3.14. Let A ∈ Qα¯, B ∈ Qβ¯, and ABBA ∈ RegS. Then
AC = A if and only if BC = B and CA = A if and only if CB = B, for every
C ∈ S.
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Proof. Let a ∈ Ab ∈ B c ∈ C, and AC = A. By the assumption, we
then get a ∈ Qα, b ∈ Qβ, and c ∈ Sγ for some α ∈ α¯, β ∈ β¯. Moreover,
ac ∈ Reg S, which gives that ac = a, c, a0c0 or ac = a2 = c2.
If ac = c, then AC = A = C = A0. If ac = a0c0, then AC = A =
A0C0 = AA0. If ac = a2 = c2, then AC = A = A2 = A0. Therefore,
ac = a, which follows from the CEP condition (viii) since A ∈ RegS. If
ab ba ∈ Reg S, then bc = b and so BC = B. Now suppose that ab ∈ Reg S.
Then ab = a b, a0b0 or ab = a2 = b2. By the assumptions that A ∈ RegS
and B ∈ RegS we obtain ab = a and ab = b. In the third case, we have α =
β since otherwise, a0b0 is regular, a contradiction. Also neither α > β nor
β > α since otherwise, by the CEP condition (viii), AB = B or AB = A.
So we get αβ < αβ. By the CEP condition (xi) and the fact that ac = a,
we obtain that bc = b. Thus BC = B. In the last case, we have α = β.
Since ac = a we see γ > α by the CEP condition (iv). Therefore, by the
CEP condition (ix), bc = b and so BC = B.
If ba ∈ Reg S, then the conclusion follows similarly. Therefore, AC = A
implies that BC = B. Dually, BC = B implies that AC = A. Thus AC = A
if and only if BC = B. Analogously, CA = A if and only if CB = B.
Consequently, S/ρ satisﬁes the CEP condition (x).
Proposition 3.15. Let A ∈ Sα¯, B ∈ Sβ¯, and α¯ > β¯. Then AB ∈ RegS or
AB = B, and, dually, BA ∈ RegS or BA = B.
Proof. For A ∈ Sα¯, and B ∈ Sβ¯, and α¯ > β¯, assume that AB ∈ RegS.
Then ab ∈ Reg S for a ∈ A ∩ Sα, b ∈ B ∩ Sβ, and α ∈ α¯, β ∈ β¯. Clearly,
α = β. So ab is one of a, b, or a0b0. If ab = a, then β > α. It follows that
β¯ ≥ α¯, which is in conﬂict with the hypothesis. If ab = a0b0, then AB =
A0B0 ∈ RegS, which is also in conﬂict with the hypothesis. So ab = b. It
gives AB = B. Dually, if BA ∈ RegS then BA = B.
Consequently, S/ρ satisﬁes the CEP condition (viii).
Proposition 3.16. Let AB ∈ Sα¯ and C ∈ Sγ¯ with γ¯ ≥ α¯. Then
(i) A∗α¯B implies AC ∗α¯BC, or AC ∗α¯B and BC ∗α¯A, or AC ∗α¯A
and BC ∗α¯B.
(ii) A∗α¯B implies CA∗α¯CB, or CA∗α¯B and CB∗α¯A, or CA∗α¯A
and CB∗α¯B.
Proof. (i) Let A∗α¯B. We prove this proposition by considering the fol-
lowing cases:
(1) Both AC and BC are regular.
(2) Both AC and BC are irregular.
(3) AC ∈ RegS and BC ∈ RegS.
(4) AC ∈ RegS and BC ∈ RegS.
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(1) Since ACBC ∈ RegS, we have
AC0AC = ACAC0 = AC
and
BC = BC0BC = BCBC0
Let a ∈ Sα ∩ A, b ∈ Sβ ∩ B, and c ∈ Sγ ∩ C. Then αβ ∈ reρ and
acρacac0. By Lemma 1.11, we have
acac0 = a0acac0c0
which gives acρa0acc0 and so AC = A0ACC0. Similarly, BC = B0BCC0.
So we may assume ABC ∈ RegS, and a ∈ Reg Sα ∩A, b ∈ Reg Sβ ∩ B,
and c ∈ Reg Sγ ∩ C. Obviously, α αβγ ∈ reρ and βαβγ ∈ reρ. By
the deﬁnition of reρ, we can see that there exist x ∈ Sα and u ∈ Sαβγ
such that xρu. Thus aρau0a0. Similarly, bρbv0b0 for some v ∈ Sαβγ. Denote
au0a0 and bv0b0 by a1 and b1, respectively. Then a1, b1 ∈ Reg Sαβγ and
a0 a01 ∈ ρ, b0 b01 ∈ ρ. Since A∗α¯B, we get A0 ∗α¯B0. Thus A0B0 = B0
and B0A0 = A0. Hence
b01ρ = b1ρ0 = B0 = A0B0 = a1ρ0b1ρ0 = a01ρb01ρ
and so b1 a01b1 ∈ ρ. Similarly, a1 b01a1 ∈ ρ. Clearly, a1a01b1. Apply-
ing the CEP condition (vi) to a1 a
0
1b1, and c, we get (a) a1c
∗
αβγa
0
1b1c or
(b) a1c
∗
αβγa
0
1b1 and a
0
1b1c
∗
αβγa1 or (c) a1c
∗
αβγa1 and a
0
1b1c
∗
αβγa
0
1b1.
In the ﬁrst case, we can see that
a1cρ∗α¯a01b1cρ = b1cρ
which gives AC ∗α¯BC
In the second case, we get
a1cρ∗α¯a01b1ρ = b1ρ
and
a1ρ∗α¯a01b1cρ = b1cρ
which gives AC ∗α¯B and BC ∗α¯A.
In the third case, we have
a1cρ∗α¯a1ρ
and
b1ρ = a01b1ρ∗α¯a01b1cρ = b1cρ
which gives AC ∗α¯A and BC ∗α¯B.
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(2) By Proposition 3.12, we get AC = A and BC = B. It is apparent in
this case.
(3) By Proposition 3.15, we get AC = A and B ∈ RegS. If we consider
AA0 and B, then by the fact that A∗AA0 ∗B it follows from (1) that
AA0C ∗α¯BC, or AA0C ∗α¯B and BC ∗α¯AA0, or AA0C ∗α¯AA0 and BC ∗α¯B.
We derive easily from
AA0C = AA0 ∗α¯ A = AC
that AC ∗α¯BC, or AC ∗α¯B, and BC ∗α¯A, or AC ∗α¯A and BC ∗α¯B, as
required.
(4) is similar to (3). Therefore, it is true for the case that A∗B.
(ii) It is dual for A∗B.
This shows that S/ρ satisﬁes the CEP condition (vi).
Proposition 3.17. Let A ∈ Sα¯, B ∈ Sβ¯, and α¯ · β¯ < α¯ β¯. Then AB ∈
RegS or BA ∈ RegS. In this case, ifAB ∈ RegS, thenAB = A0B0 = x¯ · y¯ =
x¯0 · y¯0 for each x y ∈ S with x¯ ∈ Sα¯ and y¯ ∈ Sβ¯.
Proof. Let a ∈ A ∩ Sα and b ∈ B ∩ Sβ for α ∈ α¯, β ∈ β¯. Since α¯ ·
β¯ < α¯ β¯, we have αβ < αβ. Thus ab ∈ Reg S or ba ∈ Reg S by the
CEP condition (vii). It follows that AB ∈ RegS or BA ∈ RegS. Moreover,
if AB ∈ RegS, then ab ∈ Reg S. By Lemma 1.10, ab = a0b0. Let x ∈ x¯∩ Sα1
and y ∈ y¯ ∩ Sβ1 with α1 ∈ α¯, β1 ∈ β¯. By Proposition 3.6, we see α reρα1
and β reρβ1. By Corollary 3.2, we get a′ρa1∗x1ρx′ and b′ρb1∗y1ρy ′ for
some a′ ∈ Sα, b′ ∈ Sβ, x′ ∈ Sα1 , y ′ ∈ Sβ1 , a1 x1 ∈ Sαα1 , and b1 y1 ∈ Sββ1 .
Thus
a′b′ρa1b1
∗x1y1ρx
′y ′
By the assumption that α¯ · β¯ < α¯ β¯, we obtain α1αβ1β > α1αβ1β. Since
ab = a0b0 ∈ Reg S, by the CEP condition (vii), ab = a′b′ and so a1b1 ∈
Reg S. We then get a1b1 = a01b01 by the CEP condition (vii). According
to the CEP condition (vii), we then get a01b
0
1 = x01y01 . Thus x1y1 = x01y01 ∈
Reg S. It follows that x′y ′ = x′0y ′0 ∈ Reg S. By the CEP condition (vii)
once again, x′y ′ = xy. Therefore, we obtain
x¯ · y¯ = xyρ = x′y ′ρ = x1y1ρ = x01y01ρ = x′0y ′0ρ = x0y0ρ
and
ab = a′b′ρa1b1 = a01b01 = x01y01 = x1y1ρxy
which implies that
a¯ · b¯ = a¯0 · b¯0 = x¯ · y¯ = x¯0 · y¯0
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Suppose A0B0 ∈ RegS. By Proposition 3.4 and Lemma 1.4, there exists
n ∈ Z+ such that A0B0n = A0B0n+1. Let A0B0−1 be an inverse of
A0B0 within the same maximal subgroup. Clearly,
A0B0A0B0−1 = A0B0−1A0B0 = A0B00
Since A0B0A0B00 = A0B0, it follows that A0B0 = A0B00.
As a consequence of Proposition 3.4, Lemma 1.4, and Proposition 3.17,
it is easy to see that S/ρ satisﬁes the CEP condition (vii).
In summary, we have the following
Theorem 3.18. Let S be a semigroup with CEP and ρ ∈ CS. Then S/ρ
also has CEP.
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